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Last time...

All-Different Cumulative Constraint
Decomposition Hall Sets Timetable Energetic
Reasoning Reasoning

Checker — simple!

Propagation — Flow



Propagation based on Hall sets!

xq €11, 2}
X9 - {1, Z,X}
(x5 €{3,4} )
(x3 = 3)A{x3<5) A
(x4 =2 3)N (x4 <5) A Xa € (3,4, 5)

(xc = 3)A{x3 <5)
=

(x, # 3) _*¥s €145}




Checker for All-Different

1. Reconstruct domains based on the explanation

2. Check condition

H = {x;}



Cumulative Propagator
s ={1,2,3}
D=4

B0
Compulsory

resource consumption




In this lecture...

Conflict Analysis

Derive new constraints
by combining existing constraints

Backtrack more than one decision level

Verify learned constraints

(Extended) Nogood Propagation

Hypercube linears
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Constraints
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Trail
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Decided xg < 0
Decision level 1

C
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: 3x2 +x3+x9 > 10
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X1 +Xx5+2x6 > 8
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5:2x3 — X6+ X9 >0

—X3—X4 —X7 —Xg > —4
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Trail

“! Decided X2 <3
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Decision level 3
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Constraints

: 3x2 +x3 +x9 > 10
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X1+ X5+ 2x6 > 8
. X7 — Xg 20
: 2x3 — X +x9 >0

—X3—X4 —X7 —Xg > —4

xi.y € {—10,10}



Trail

(x9 < 0) @]
(x; <2) @2
(2 <3)
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Propagated x; > 1
Decision level 3
c3 — (x6 > 2)
cqy — (x7 >2)
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1 2X8 — Xg +Xx9 >0
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xi.y € {—10,10}



Trail Constraints

(X9 <0) @]

(x1 <2) @2

= 0 cp:3xp+x3+x9 > 10
> | Constraint ¢ X3+ 55y > 4
2zl Propagated x, > 1 +x5+2x > 8

(y>2) Decision level 3 x>0

(x5 <2) @5 Cs: 2x3 — X6 +x9 > 0
3 = (X6 = 2) Cot —X3—Xg—X7—Xxg > —4
c4 = {31 2 2) xi,y € {—10.10}
cs — (xg > 1)
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Declares conflict
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X1 +Xx5+2x6 > 8

c X7 —Xxg > 0
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(x523)

XY

@1
@2
Classical
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Post negation
and continue
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Conflict Analysis

Derive nogood
based on constraints




Trail
(xg < 0) @]
(x; < 2) @?
(xr < 3) @3
-
c1 — ( > 1) @3
Cr —> < > 1 <.X33 = 1> A

)
(xg < 1) k )

Conflict Analysis

@3 @]
<X4 > 1) /\

<X9 < 0> —

\

<x6 < 1)

J

Backjump and propagate:
Decision level 3



Trail Conflict Analysis

(x9 <0) @1
(x1 <2) @2
(x2 < 3) @3
cp— (3 >1) | @3 @3 @1 A
2 — (g > 1) W32 DA 2 DA <0) = (K6 <1)
\ y
(x6 = 1)

Backjump and propagate:

Decision level 3
Skipped k

Decision level 4!




Trail

e,
-
-2

@]
@2
@3

@4
@5

Constraint ¢
Declares conflict
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Constraints

: 3xp 4+ x3+2x9 > 10
. —x3+35x4 >4

' X1 +xs5+2x6 > 8

c X7 —Xxg > 0

: 2x3 — X +x9 >0
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Conflict Nogood



Cqe:—X3 —Xg4 — X7 — Xg = —4

: @3 @5 @5
DA > AQ7>22)A{xg>1) = L

Decision level of
assignment



Cqe:—X3 —Xg4 — X7 — Xg = —4

@3 @3 @5 @5
3> A > A x7>22) Alag > 1) |=— L

Trail (Partial)

Last assighed
atomic constraint




Cqe:—X3 —Xg4 — X7 — Xg = —4

@3 @3 @5 @5
3> A > A x7>22) Alag > 1) |=— L

C5:2x8_x6+X920 k

@5 @ | @35
<.X6 > 2> /\ <.X9 < 0> —> <.X8 > l>



Cqe:—X3 —Xg4 — X7 — Xg = —4
@3 @3 @5 @5
>N > A7 >2) Alag > 1) | = L

Replace (xg = 1)
Cc:2Xg — Xg + X9 = 0 with its reason

@5 @l @5
(X6 = 2) N (xg <0) = [(xg > 1)




@3 @3 @5 @5
3>DAN > Ax7>2) Alag > 1) | = L

@5 @ ] @35
<X6 22>/\<XQ§O> —> <X8 > 1>

New nogood!

K

@3 @3 @5 @5 @l
(X3 > DA > 1A X7 >2)A{(xg > 2) A {xg <0) = L



@3 @3 @5 @35 @]
<X3Z 1>/\<X421>/\<X7Z2>/\<X6 22>/\<X9§0> — |

Trail (Partial)

Removed
(x5 <2) @3 dependency on
c3 — (X6 > 2) k (xg = 1)
cy — (x7 >2)
cs — (xg > 1)



@3 @3 @5 @35 @]
<X3Z 1>/\<X421>/\<X7Z2>/\<X6 22>/\<X9§0> — |

Trail (Partial)
(x5 < 2) @5

)

6‘3—)(

VIV IV

X > 2
Cq4 — <)C7 2)
c5 — ()Cg 1) ‘
ce — L Repeat procedure

from (x; = 2)
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@3 @3 @5 @5 @ |
<X321>/\<}C421>/\<X722> (x622>/\(X9§0> — |

Cp: X7 — X =0

@5 @5

|
New nogood! (s > 2) = |(x; >2)

Y

@3 @3 @5 @]
3> DAXg > 1) A (X6 >2)AN{xg<0) = L




Propagates?
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Trail
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Conflict Analysis

Algorithm 1 Conflict Analysis
Input: conflict explanation (A; A---NA, = 1) k
Output: asserting nogood
N < conflict explanation
while N 1s not asserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R

end while
return N
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Replace A in N by R

end while
return N




Conflict Analysis

Algorithm 1 Conflict Analysis

Input: conflict explanation (A; A---NA, = 1)
Output: asserting nogood

N < conflict explanation k

while N 1s not asserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R

end while
return N




Conflict Analysis

Algorithm 1 Conflict Analysis

Input: conflict explanation (A; A---NA, = 1)
Output: asserting nogood

N < conflict explanation

while N 1s not asserting do

Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A

Replace A in N by R

end while

return N




Conflict Analysis

Algorithm 1 Conflict Analysis

Input: conflict explanation (A; A---NA, = 1)
Output: asserting nogood

N < conflict explanation

while N 1s not asserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A

* Replace A in N by R
end while

return N




Conflict Analysis

Algorithm 1 Conflict Analysis

Input: conflict explanation (A; A---NA, = 1)
N < conflict explanation

Output: asserting nogood
while N 1s not asserting do k
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R

end while
return N




Conflict Analysis

Algorithm 1 Conflict Analysis

Input: conflict explanation (A; A---NA, = 1)
Output: asserting nogood

N < conflict explanation

while N 1s not asserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R

end while

return N

&

Why does this work?




Why does conflict analysis work?

Propagation-based rewriting

Conflict preservation

Soundness

Termination



Why does conflict analysis work?

Propagation-based rewriting

“we only rewrite propagated atomic constraints”



Why does conflict analysis work?

Propagation-based rewriting

“we only rewrite propagated atomic constraints”

@3 @3 @35 @35
3> DA > DA X7 >2)N{xg>1) = L

@5 @] @35
<)C6 > 2> /\ (X_() < 0> :>[<X8 > 1>] *

@3 @3 @5 @5 @]
<X3Z 1>/\(X4Z1>/\<X7Z2>/\<X622>/\<X()§0> — |




Why does conflict analysis work?

* Conflict preservation

“each new nogood is also conflicting”



Why does conflict analysis work?

Conflict preservation

“each new nogood is also conflicting”

@3 @3 @5 @5
&)@ZH/\<X4Zl>/\<X722>/\<x821> — J_J

@5 @] @35
’ <X622>/\<X9§0> — (JCSZU

Started with
o @3 @5 @5 @1
conflicting nogood (> DA >2)A (ke > 2)A g <0) = L




Why does conflict analysis work?

Assigned “true (T) Conflict preservation

“each new nogood is also conflicting”

@3 @3 @5 @35
(x321>/\(x421>/\(x722>/\(x821> — |
@5 @] @5

<X6 ZQ)/\(X_() EO} — <Xg > 1>

@3 @3 @5 @35 @]
(X:-;Z 1>/\<)C4Z1>/\<X722>/\<X622>/\<X()§0> — |



Why does conflict analysis work?

Conflict preservation

“each new nogood is also conflicting”

@3 @3 @5 @5
<)C321>/\<X421>/\<X722>/\<x821> — |
@5 @] @35
”[(X@>2>/\<X9<O>J:> <Xg > 1>
Must be “true” (T)
@3 @5 @35 @]
because .()C4 > 1>/\<X7 ZQ)/\()%‘ Z2>/\<X9 §0> — |

propagating



Why does conflict analysis work?

Conflict preservation

“each new nogood is also conflicting”

These must also

7 ”
true” (T @3 @3 @s @5
( ) (x;;Zl)/\(x,421>/\(x722>/\(x821>:>L

@5 @] @35
<X6 ZQ)/\(XQ < 0> — <Xg > 1>

@3 @3 @5 @5 @]
(X:-;Z 1>/\<)C4Z1>/\<X722>/\<X622>/\<X9§0> — |




Why does conflict analysis work?

Soundness

“new nogoods are implied by the problem”



Why does conflict analysis work?

Soundness

“new nogoods are implied by the problem”

Rewriting is sound

-3

Explanations are sound



Why does conflict analysis work?

Termination

“eventually we derive an asserting nogood”



Why does conflict analysis work?

Termination

“eventually we derive an asserting nogood”

>\

Atomic constraints are replaced based on recency

Finite trail size



Conflict Analysis

Algorithm 1 Conflict Analysis Propagatlon-based rewrlt%

Input: conflict explanation (Aj A---AA, = 1)
Output: asserting nogood

N < conflict explanation Conflict preservation
while N 1s not asserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R
end while
return N =0

Soundness

\ Termination /




So far...

Conflict Analysis

Learn nogoods
by combining explanations

Potentially backjump



Up next...
Checker for learned nogoods
Conflict-Driven Constraint Learning

(Extended) Nogood propagation

More general learning
Extended nogoods

Hypercube linears



Checker
“How to verify the learned nogood?”



Checker
“How to verify the learned nogood?”

1. Assume the atomic constraints from nogood to true (T)

2. Derive conflict by following implication chain



Learned nogood we wish to verify

K

X3 > DAXs > 1) A (X >2) AN{xg<0) = L







x3 € [1,00], x4 € [1,00], xg € [2,00], X9 € [—00,0)]















X3 € [100} X4 € [100} Xo € [200} Xg € [_DOO} X7 € [200} Xg € [100}



X3 € U*m}* Xy € [Lm}* X6 € [2*00}* X9 € [_DOTO}? X7 € [qu}q Xg € [Lm}

>DAX > AN >22)Aag>1) = L

l

Conflict

Initial nogood is correct




Search

Make a decision

Propagate based on constraints

If conflict, backtrack



. ~ Constraint
Conflict-Driven-Ciatise Learning

(CDCL)

K

Conflict-driven branching

Make a decision (VSIDS)

Propagate based on constraints . .
“atomic constraints

appearing in conflicts
If conflict, backtrack are important”



_ ~ Constraint
Conflict-Driven-Ciatise Learning

(CDCL)

Make a decision

Propagate based on constraints ...and learned nogoods

If conflict, backtrack k



. ~ Constraint
Conflict-Driven-Ciatise Learning

(CDCL)

Make a decision

Propagate based on constraints

If conflict, backtiack k

Conflict analysis

Add learned nogood to database
Backjump



Y

Restarts

Nogood
Management

. ~ Constraint
Conflict-Driven-Ciatise Learning

(CDCL)

Make a decision

Propagate based on constraints

If conflict, backtiack



. ~ Constraint
Conflict-Driven-Ciatise Learning

(CDCL)

Conflict-driven branching

Make a decision (VSIDS)

Propagate based on constraints ...and learned nogoods

If conflict, backtirack
Conflict analysis

Add learned nogood to database
Backjump

Restarts

Nogood
Management



Nogood Propagation

[<X3@§ 1A m@ﬁ 1)/\<X9@§1 0) = (x6< 1)

Atomic constraint

CORPES



Nogood Propagation

[<X3@§ 1A m@ﬁ 1)/\<X9@§1 0) = (x6< 1)

Atomic constraint True

2, T L) “

X3 (S [6, 10] <X3 = 5) T



Nogood Propagation

[<X3@§ 1A m@ﬁ 1>/\<)69@g1 0) = (x6< 1)

Atomic constraint

CORPES

x3 € [6,10]

False ’




Nogood Propagation

[<X3@§ 1A m@ﬁ 1>/\<)69@g1 0) = (x6< 1)

Atomic constraint

CORPES

Unassighed

K

x5 € [0,10] (x3 > 5) ?



Nogood Propagation

ANBACAD = 1

ABCDe{?,T,.1}



No propagation when all unassigned

|

ANBACAD = 1

1
N

S O W
| 1
-\) \)

1
N



No propagation...

|

AANBACAD = 1L

|
_|

SO O & =
L
BT

1
N



Still no propagation...

14

ANBACAD = 1L

S O W =
1
o |

1
N



Propagation happens!

K

ANBANCAD = 1L

S O T
|
_|

1
N



D forced to L

K

ANBANCAND = 1




ANBANCAD = 1L

5 [A/\B/\_C:=>l_)]




Nogood Propagation

A1 /\Az/\"'/\An = 1



Nogood Propagation

l Al/\AZA"'AAn:)J-

Conflict
Ai — T




Nogood Propagation

Al /\Az/\‘“/\An = 1

Conflict Propagation

Ai:T

“unit propagation” *

A ANAy A NA,_ 1= A

Al n-n) =T

A, =1



Nogood Propagation

Al /\Az/\”'/\An = 1

Conflict Propagation

A;=T Al n-n) =T

~¥

Efficient propagation algorithm
“two-watcher scheme” A NAANA,_1 > A,



Can we do
more
propagation?




Extended Propagation

|

ANBACAD = 1

1
N

O O W s
| 1
O ey

1
N



No propagation...

|

AANBACAD = 1L

|
_|

SO O & =
L
BT

1
N



Still no propagation according to unit propagation...

¥

ANBACAD = 1L

S O W =
1
o |

1
N



...but if we look at the atomic constraints...

¥

x=25)ANy=22)N{z=21)N{(z<3)=>1

(x >5)=T
(y=3)=T
(z>1) =7

(z<3)=7




x=25)ANy=22)N{z=21)N{(z<3)=>1

[<x25>/\<yzz>=> ]

R

We can propagate!

“extended
nogood propagation”



Conflict Analysis with

Algorithm 1 Conflict Analysis
Input: conflict explanation (A| A---AA, — 1)

Output: -assertingnegood k

N < conflict explanation

while-MN-is-netasserting do
Let A be the most recently assigned atomic constraint in N
Let R = A be the explanation of A
Replace A in N by R

end while

return N




Conflict Analysis with Extended Nogood Propagation

Algorithm 1 Conflict Analysis
Input: conflict explanation (A A---NA, =— 1)
Output: asserting-negeed propagating nogood
N <« conflict explanation
whileA—s-notassertine do N is not propagating
Let A be the most recently assigned atomic constraint in N

Let R = A be the explanation of A
Replace A in N by R

end while

return N i

More general learning!




Conflict analysis
is about
combining constraints!



Problem with two constraints

ZwixiZk N\ Zwixiﬁk—l



Problem with two constraints

ZwixiZk N\ Zwixiﬁk—l

Infeasible!

Easy problem, but exponential time for
our search with conflict analysis!




Cutting planes: a better way...

Multiply by -1

z W;X; >k > z —W;X; < -k




Multiply by -1

Z W;X; = k g Z —W;X; < —k
Add inequalities

(cutting planes)

| —

Zwixiﬁk—l



Multiply by -1

Z W;X; >k > —W;X; < —k

Add inequalities
(cutting planes)

— 0 < -1

Zwixiﬁk—l ’

Infeasibility!

Exponentially better
(on this example)



Combining Constraints

\

1. “Rewrite” nogoods
8 Complete

two nogoods — new nogood



Combining Constraints

1. “Rewrite” nogoods
two nogoods — new nogood

Complete

K

2. Cutting planes

. . , . Incomplete
two inequalities— new inequality



Combining Constraints

1. “Rewrite” nogoods

Complete
two nogoods — new nogood

2. Cutting planes
two inequalities— new inequality

>

Incomplete

‘ Can we combine the two?




Hypercube Linear Constraints

A{NAy A NA, =



Hypercube Linear Constraints

A{NAy A NA, =

Generalises Generalises
nogoods linear inequalities

A NA; AN--NA, = L T =



Conflict Analysis with Hypercube Linears

Algorithm 1 Conflict Analysis Conflict hvpercube linear

Input: eenflietexplanation{ATA—+AA———11
Output:-assertingnogood propagating hypercube linear

N <« conflict explanation

whileA—s-notassertine do N is not propagating

Let A be the most recently assigned atomic constraint in N

betR——be-theexptamatiomofA~ Hypercube linear HL
Replace A-inN-by-R- that propagated A

end while N « Combine HL and N
return NV




Conflict Analysis with Hypercube Linears

Algorithm 1 Conflict Analysis Conflict hypercube linear
Input: conflict-explanation-{A-A—rAd—=—=—1)
Output:-assertingnogood propagating hypercube linear

N <« conflict explanation

while A-is-netasserting do N is not propagating

Let A be the most recently assigned atomic constraint in N

FetR——be-theexptamationof4~ HyPercube linear HL

ReplaceAinMbyR \ that propagated A
end while N <« Combine HL and N !
return N

Analogous as before!



Conflict Analysis with Hypercube Linears

Algorithm 1 Conflict Analysis Conflict hvpercube linear
Input: esnflietexplanatien-ArA—AAT—=——=—1
Output:-assertingnogood propagating hypercube linear

N <« conflict explanation

whileA—s-notassertine do N is not propagating

Let A be the most recently assigned atomic constraint in N

Fet-R—>—A-be-theexplanatiomofA- HYypercube linear HL

Replace A-inN-by-R- that propagated A
end while [N «— Combine HLand N ]k
return N

More complex!
(see our CPAIOR’26 paper...)



Summary

Conflict-Driven

Conflict Analysis : :
Y Constraint Learning

Combine constraints 1. Learning new constraints
Nogoods 2. Influence branching
Extended nogoods 3. Nogood management
Hypercube Linears 4. Restarts

Checker for learned nogoods



Next time...

Certificates and Proof Systems

Combine everything we have done so far
to produce independently verifiable certificates
about infeasibility/optimality
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